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Weak anti-localization offers an experimental tool to address spin–orbit coupling of two-
dimensional oxide surfaces and interfaces via magneto-transport. To overcome the shortcomings
of the formulation for single-band spin-1/2 electrons, we consider an effective three-band model that
allows a decomposition into a pseudo-spin representation 1/2 ⊕ 3/2. Whereas the well-established
spin-1/2 transport signature results from the singlet and triplet sectors in the Cooperon equation, a
new structure originates from the quintet and septet sectors generated by the spin 3/2 ⊗ 3/2 repre-
sentation.
A disordered two-dimensional electronic system is
marginal with respect to electron propagation, residing
at a metal–insulator transition. Quantum corrections to
conductivity turn the system into a metallic or an insu-
lating state. On the one hand, self-interference of an elec-
tron wave in the presence of considerable disorder results
in Anderson localization [1–5]. Even for arbitrarily weak
disorder, the effect of weak localization [6–8] results in an
insulating state in two dimensions [9, 10]. On the other
hand, the relativistic effect of spin–orbit coupling (SOC)
creates a metallic state in the two-dimensional system [6].
The underlying symplectic symmetry results in a metal–
insulator transition [11] as well as weak anti-localization
(WAL). Both, weak localization and WAL originate from
elastic scattering processes at impurities that produce a
singular contribution for momentum transfer at twice the
Fermi momentum (Cooperon).
These quantum corrections are quite distinctive in
magneto-transport measurements and, in case of notica-
ble SOC, cause a WAL signature in form of a minimum
in the perpendicular field magneto-conductivity [12–16].
Hikami, Larkin and Nagaoka [6] have derived the first
order WAL quantum correction based on the Elliott–
Yafet [17, 18] spin relaxation mechanism, where a spin
flip may occur during the scattering process. In this
case, it has been concluded that the specific shape of
the Fermi surface or multi-band effects only play a mi-
nor role, which is captured by adaptation of fitting pa-
rameters [19]. However, as already stated in the origi-
nal Hikami–Larkin–Nagaoka paper [6], the Elliott–Yafet
spin relaxation cannot result in a WAL correction for a
truly two-dimensional electron system, because the cor-
responding contribution is non-zero only for sizable scat-
tering processes perpendicular to the two-dimensional
plane.
Later, Iordanskii, Lyanda-Geller, and Pikus intro-
duced a WAL theory that describes the in-plane SOC
of a two-dimensional system [20–22] by consideration of
the D’yakonov–Perel spin relaxation [23]. This kind of
spin relaxation typically occurs in electronic systems with
broken inversion symmetry and describes a decay of the
spin expectation value according to spin precession in a
random effective field. The D’yakonov–Perel spin relax-
ation is intrinsically connected to the Rashba and Dres-
selhaus effects that manifest themselves in semiconduc-
tor quantum wells as well as oxide interfaces and het-
erostructures. In Iordanskii–Lyanda-Geller–Pikus the-
ory, both the shape of the Fermi surface and the spin
structure in momentum space have a major effect on the
magneto-conductivity, as opposed to the earlier theory.
Interestingly, in the particular case that the spin expec-
tation value, traced along the Fermi surface, can be de-
scribed by a threefold winding number NS = 3, the for-
mula of this approach reproduces the analytical structure
of the formula of the Hikami–Larkin–Nagaoka calcula-
tion. However, in the case of a non-zero single winding
contribution NS = 1, which is typical for Rashba and
Dresselhaus effects, the results deviate considerably from
Hikami–Larkin–Nagaoka theory [20], caused by transi-
tions between dense Landau levels in a magnetic field.
Correspondingly, the specifics of the Fermi surface have
a strong impact on the magneto-conductivity for two-
dimensional electron systems with SOC [15].
The electronic interface in the LaAlO3/SrTiO3 het-
erostructure [24] has become paradigmatic for a strongly
confined electron system, with the band filling tuned via
gate voltage [25–27], and a sizable Rashba-like [28, 29]
spin–orbit effect. The corresponding strength of the SOC
seems to be strongly dependent on the electron density
in the system and reaches a maximum near the Lifshitz
transition, which is related to the avoided Ti 3d t2g band
crossings [30, 31]. The control of SOC at oxide inter-
faces is considered to be a great opportunity for spin-
tronics in future electronic devices [26, 32, 33]. For this
LaAlO3/SrTiO3 interface, and for transition metal ox-
ide materials in general, the hitherto existing WAL de-
scription by single-band electronic states is a question-
able simplification. It is to be expected that the elas-
tic impurity scattering for NS = 1 in the Cooperon in-
volves interband scattering jointly with the transitions
between Landau levels, which has a yet to be determined
impact on the WAL in these systems. To our knowledge,
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FIG. 1. Dyson equation for the Cooperon. The Cooperon is
characterized by momentum transfer of ∆k = 2kF through
the maximally crossed diagrams. Spin relaxation occurs dur-
ing propagation due to D’yakonov–Perel spin relaxation.
the required multi-band analysis of WAL has not been
achieved.
In this article, we devise such a more realistic WAL
starting with a three-band Hamiltonian, suitable for ox-
ide interfaces and heterostructures. We consider an ef-
fective model that allows for a group-theoretical analysis,
reducing to a spin–orbit coupled quartet with spin quan-
tum number 3/2 as well as a doublet with spin quantum
number 1/2. It turns out that the coupling of Landau
levels within the spin multiplets of the 3/2⊗ 3/2 represen-
tations in the Cooperon channels is the key mechanism
for the resulting magneto-conductivity behavior.
The quantum correction to the conductivity is given
by [7]
δσ(ω → 0) = −2e2NFDτ20
∑
αβ
∫
q
Cαββα(q), (1)
where NF is the Fermi level density of states, D = v
2
Fτ1/2
the diffusion constant, τ1 the first harmonic or transport
time and τ0 the elastic scattering time. The Cooperon
components in electron spin space, Cαββα(q), are found
by solving the momentum dependent Dyson equation,
see Fig. 1. Maximally crossed diagrams describe a mo-
mentum transfer, where transitions with ∆k = 2kF are
dominant due to the Cooperon pole structure, and spin
relaxation occurs during propagation due to D’yakonov–
Perel spin relaxation.
The corresponding Green’s functions relate to the
single-band Hamiltonian
Hsingle = ~
2k2
2m
⊗ 12×2 + ~σ ·Ω(k) (2)
where 12×2 is the unity matrix in spin space, σ =
(σx, σy)
T is the two-dimensional vector of Pauli spin ma-
trices within the plane, and Ω(k) = −Ω(−k) is the spin–
orbit vector potential. Specifically, an expansion into first
and third harmonic of the vector field for Dresselhaus
SOC is
Ω(k) = Ω1(k)
(− cosφ
sinφ
)
+ Ω3(k)
(
cos (3φ)
sin (3φ)
)
, (3)
where tanφ = ky/kx refers to the angle in momentum
space and Ω1 and Ω3 measure the strength of the vector
potential causing a NS = 1 and NS = 3 spin winding,
respectively. For (linear) Rashba SOC, Ω(k) = Ω1(k) ·
(sinφ,− cosφ)T.
The Dyson equation (see Fig. 1) is solved by summa-
tion of ladder diagrams in the particle–particle channel in
presence of a magnetic field B [20–22]. The characteristic
magnetic fields B
(′)
so/i are given by
B
(′)
so/i =
~
4eDτ
(′)
so/i
, (4)
where τi is the relaxation time for inelastic scattering
processes, and τ
(′)
so are the time scales related to the
D’yakonov–Perel spin relaxation [34], defined by [20]
1
τso
= 2
(
Ω21τ1 + Ω
2
3τ3
)
(5)
1
τ ′so
= 2Ω21τ1, (6)
where Ω1(3) = Ω1(3)(k = kF) are given by their Fermi sur-
face values and τ1(3) are the relaxation times of the first
(third) harmonic of the Cooperon [20]. Note that the
result for the magneto-conductivity itself does not dis-
tinguish between the Rashba and the Dresselhaus vector
structure, as the result involves the spin–orbit scattering
times only.
In order to determine the WAL contribution analyti-
cally for a multi-band case, it is unavoidable to imple-
ment severe restrictions. Explicitly, we investigate the
three-band case with degenerate (parabolic) bands in the
vicinity of the Γ-point. We will comment on these re-
strictions below. The form of the atomic SOC and the
inversion symmetry breaking terms, as presented below,
are taken in the spirit of the effective three-band model
for LaAlO3/SrTiO3 interfaces [35], in which the Ti 3d t2g
bands constitute the local basis. The atomic spin–orbit
coupling in the local basis is given by [35]
Haso = ∆aso
 0 iσz −iσy−iσz 0 iσx
iσy −iσx 0
 . (7)
The eigenstates of this Hamiltonian group into a higher
energy doublet and a lower energy quartet, separated by
3∆aso [36]. In addition, we allow a small intermixing due
to the asymmetry of the interface, with strength ∆m(k)
that is linear in k for small k [35],
Hm = ∆m(k)
 0 0 i cos(φ)0 0 i sin(φ)
−i cos(φ) −i sin(φ) 0
⊗ 12×2.
(8)
3The combination results in
Haso +Hm =
=
(
2 [∆aso ⊗ 12×2 + ~σ ·Ω] ∆mA†
∆mA −∆aso ⊗ 14×4 + ~S ·Ω
)
,
(9)
where
Ω = −∆m
3~
(− cosφ
sinφ
)
, (10)
and S/2 is the two-dimensional vector of matrices that
form a spin-3/2 representation of the angular momentum
algebra. A is a 4×2-matrix, where non-zero terms depend
on momentum only in terms of the angle φ, but not on
the absolute value.
As we assume ∆m  ∆aso, the coupling between dou-
blet and quartet is small and we can project to the quar-
tet and doublet subspaces in lowest order. The effective
SOC in the quartet subspace is explicitly given by
HquartetSOC = ~S ·Ω =

0
√
3ω 0 0√
3ω∗ 0 2ω 0
0 2ω∗ 0
√
3ω
0 0
√
3ω∗ 0
 , (11)
where ω = Ωx − iΩy. Evidently, Eq. (11) represents an
effective momentum dependent spin–orbit coupling [29].
Note that the spin–orbit coupling for spin-3/2 still belongs
to the symplectic symmetry class [37].
In the following, we discuss only the case of NS = 1
spin winding (i.e. Ω3 = 0) and refer to the detailed
calculations and results for general mixed NS = 3/NS =
1 spin winding in the supplement [38]. We derive the
WAL correction for Hamiltonian Eq. (11) in analogy to
the Iordanskii–Lyanda-Geller–Pikus calculation [20–22].
Note that we focus on the low-energy quartet section of
the Hilbert space, as WAL for the high-energy doublet
subspace is described by the original theory.
In the Cooperon equation, we find the product of
Green’s functions in generalized spin space,
~
ξk + ~S ·Ω (k)− i~2τ
× ~
ξ−k+q + ~R ·Ω (−k + q) + i~2τ
(12)
where τ−1 = τ−1i + τ
−1
0 , ξk is the kinetic energy, and
R/2 constitutes the spin-3/2 algebra of the second Green’s
function. The expression Eq. (12) is expanded in vicinity
of the Fermi surface. The combination of two spin-3/2
particles decomposes into the spin channels
3
2
⊗ 3
2
= 0⊕ 1⊕ 2⊕ 3, (13)
that is a spin singlet, triplet, quintet, and septet channel.
The Cooperon equation can be solved by a summation
n
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FIG. 2. Coupling of effective Landau levels in the Cooperon
equation. A magnetic field introduces Landau level quanti-
zation. For the singlet Cooperon channel, there is only one
Landau level. For the triplet case, each Landau level splits
into three sublevels, and accordingly also in the higher spin
channels. A single spin winding contribution with NS = 1 in
the Hamiltonian couples sublevels from near Landau levels.
of the inverse eigenvalues of the Cooperon inverse, L. In
a magnetic field B, the eigenvalues of the distinct spin
channels are regrouped in Landau levels, see Fig. 2 for a
visualization. The magneto-conductivity is given by
∆σ =
e2κ
2pih
(κτ1)
−1∑
n=0
(
− 1
E(0)(n)
+
∑
m˜=0,±1
1
E
(1)
m˜ (n)
−
∑
m˜=0,±1,±2
1
E
(2)
m˜ (n)
+
∑
m˜=0,±1,±2,±3
1
E
(3)
m˜ (n)
 ,
(14)
where κ = 4eBDτ1/~ and m˜ is the internal quantum
number of the decomposition Eq. (13). Note that the
singlet and quintet channels contribute with a negative
sign, whereas the triplet and septet contribute with a
positive sign in Eq. (14).
In the case of exclusiveNS = 3 winding, i.e. Ω1 = 0 and
consequently B′so = 0, Landau levels are not intermixed.
The sum over inverse eigenvalues can then be calculated
directly. In the supplement, we provide an analytic for-
mula for this case, using digamma functions [38].
However, for a finite NS = 1 winding contribution,
and Ω1 6= 0, the first harmonic of the spin–orbit vector
potential results in a pairing of Landau level transitions
(described by Landau ladder operators a, a†) with total
spin change (denoted by total spin ladder operators J+,
4J− as defined in the supplement [38]) in the L operator
of the kind
√
B′so/B(J+a + J−a
†), as already observed
in the original spin-1/2 evaluation. For the single-band
spin-1/2 case, in the triplet channel the spin projection
changes jointly with a transition to the next Landau level.
This is similar for the pseudospin-3/2 case, although here
quintet and septet ladders are also involved (see Fig. 2).
Moreover, the change in the spin projection is a com-
bined spin–orbital transition, that is, a band transition
is also implied. This mixing of Landau levels produces
for Dresselhaus SOC a matrix structure known for the
Tavis–Cummings model, which is a generalization of the
Jaynes–Cummings model [38, 39]. For Rashba SOC it
is the anti-Jaynes–Cummings model [40] because there a
stepwise increase/decrease of spin goes along with a step-
wise increase/decrease in the Landau level n. For either,
Dresselhaus or Rashba SOC, the inverse eigenvalues can
be treated analytically but embrace a large number of
terms in the magneto-conductivity in Eq. (14). Detailed
expressions can be found in the supplement [38].
The magneto-conductivity of this effective three-band
model is qualitatively different from that of the single-
band spin-1/2 case: we identify an additional shoulder-
like structure in the spin-3/2 section that is caused by a
minimum in the combined quintet and septet contribu-
tion (see Fig. 3a, green line). The spin-1/2 (blue line) and
spin-3/2 (red line) cases can be well distinguished.
The winding number NS is a topological invariant, hav-
ing consequences for transport characteristics. It ap-
pears that the case NS = 1 has a distinct signature
in magneto-transport: it couples multiple Landau lev-
els. A measurable indication of this coupling is, in the
single-band case, a minimum at B ∼ Bso in the magneto-
conductivity that results from the joint contribution of
the singlet and triplet channels. For the three-band sce-
nario with NS = 1, when it can be mapped to a spin-
3/2 case, a minimum is generated from the joint contri-
bution of the singlet and triplet channels and a further
minimum from the quintet and septet channels, both of
which scale with B ∼ Bso but with different prefactors
(see Fig. 3b). It is clear that in our effective model spin
flips and band transitions are controlled by the same en-
ergy scale—therefore, a new scale is not expected.
On the other hand, electronic states with NS > 1 do
not introduce a coupling of sublevels from different Lan-
dau levels. Consequently, a clear shoulder-like structure
is absent for NS > 1. This finding is certainly a helpful
rule as NS is not easily measured by other means.
The presented model is built on symmetry assumptions
that allow to decompose the six-dimensional represen-
tation into a doublet (spin-1/2) and a quartet (spin-3/2)
irreducible representation and made the analytical anal-
ysis possible. Symmetry breaking terms produce a mix-
ing of the higher energy spin-1/2 states with the spin-3/2
states, split by 3∆aso. Explicitly, the orbital intermixing
of Eq. (8) also generates a mixing of doublet and quartet
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FIG. 3. Additional structure in the magneto-conductivity of
three-band weak anti-localization. (a) Bso = B
′
so = 0.3 T. The
combination of quintet and septet contribution (green line)
of the spin-3/2 Cooperon shows an additional minimum. The
full spin-3/2 magneto-conductivitiy (red line) is composed of
the spin-1/2 response (blue line) and the quintet/septet con-
tribution, creating the shoulder-like structure. (b) Spin-3/2
magneto-conductivity response for different spin–orbit fields
Bso = B
′
so. The position of the local minima in the magnetic
field dependency scale with the spin–orbit field.
blocks which may be neglected when ∆m/∆aso  1. Sim-
ilarly, a band gap at the Γ-point mixes the blocks if this
gap is not small with respect to 3∆aso. Material specific
models will certainly go beyond the analytical technique
shown here. A full numerical treatment of the spin-3/2
Cooperon equation might become available in the near
future [41].
In conclusion, we formulated analytically weak anti-
localization for a three-band model, suitable for oxide in-
terfaces and surfaces. A group-theoretical decomposition
5revealed an effective spin-3/2–orbit coupled Hamiltonian,
resulting in additional quintet and septet channels in the
Cooperon equation. The magneto-conductivity signature
is determined by the topological spin winding number NS
at the Fermi surface of the electronic system, causing an
additional shoulder-like structure in the case NS = 1 and
small triple winding contribution.
Previous fits for experimental data gained at
LaAlO3/SrTiO3 interfaces identified a spin winding
NS = 3 in the multi-band regime [15]. More recently, ex-
periments near the Lifshitz transition in LaAlO3/SrTiO3
found indications for a dominant spin winding NS = 1
in the single-band regime, jointly with a considerable
NS = 3 contribution beyond the Lifshitz transition in
the multi-band regime [42]. We expect that our results
will help to identify the unique NS = 1 case in more
multi-band situations.
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